Abstract. Time-dependent Schrödinger equation (TDSE) is solved numerically to calculate the ground-and first three excited-state energies, expectation values x 2 j j 1 2 6, and probability densities of quantum mechanical multiple-well oscillators. An imaginary-time evolution technique, coupled with the minimization of energy expectation value to reach a global minimum, subject to orthogonality constraint (for excited states) has been employed. Pseudodegeneracy in symmetric, deep multiple-well potentials, probability densities and the effect of an asymmetry parameter on pseudodegeneracy are discussed.
Introduction
The aim of this paper is to calculate the eigenvalues of general quantum multiple-well oscillators described by the Hamiltonian (atomic units employed throughout)
where
The last two decades have seen significant developments in theoretical studies of quantum mechanical anharmonic oscillators which offer interesting mathematical and computational challenges. Various methods of approximation and numerical techniques have been proposed to calculate the energy eigenvalues of anharmonic oscillators (AHO) and double-well oscillators (DWO) [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] . However, only limited investigation has been carried out on multiple-well oscillators (MWO) [14, 15] . The MWO are relevant in the study of resonant tunneling transistors [16] , oscillatory chemical reactions [17] , the adsorption of atoms/molecules on a solid substrate, etc. Earlier attempts to calculate the energy eigenvalues of MWO employed approximations to the time-independent Schrödinger equation (TISE) [14, 15] . The time-dependent quantum mechanical approach is employed here for the first time to calculate the energy eigenvalues, expectation values x 2 j ´j 1 2 6 µ and probability densities of the ground state and the first three excited states of one-dimensional MWO. We also investigate the deep multiple-well potentials that lead to pseudodegenerate (almost degenerate) energy levels [18] . Previously, pseudodegenerate energy levels for only deep DW potentials were reported by other workers [19] [20] [21] .
The present work employs essentially a diffusion quantum Monte Carlo method, based on propagating the time-dependent Schrödinger equation (TDSE) in imaginary time coupled with the minimization of energy expectation value, maintaining the orthogonality constraint between states. The computations were carried out in quadruple precision (up to 33 decimal digits using DEC-FORTRAN-90 compiler) although the results are reported up to the digits for which stability was the best. Note that the present methodology is exact in principle and works very well for general quantum mechanical AHO, DWO [22, 23] and self-interacting oscillators [24] .
Section 2 briefly describes the methodology of computing eigenstates of MWO by transforming the TDSE into a diffusion-type equation by assuming the validity of TDSE in imaginary time. Section 3 presents the results.
Methodology
One-dimensional TDSE is
where the Hamiltonian H is given by eq. (1). One can obtain a diffusion-type equation similar to the random-walk quantum Monte Carlo equation [25] by first assuming the validity of eq. (3) in imaginary time τ and then replacing τ by it, where t is real time. Replacing the wave function ψ´x tµ in eq. (3) by a diffusion function R´x tµ transforms the TDSE into a nonlinear diffusion-type equation
In the diffusion quantum Monte Carlo (DQMC) approach, the evolution of a classical diffusion-type equation in real time up to a sufficiently long time eventually reaches a stationary ground state corresponding to the globally minimum value of R´x tµ H R´x tµ . One can then calculate the successive higher eigen energies by following the same imaginary time evolution but additionally requiring that an excited state is orthogonal to all the lower states. Indeed, one can write [25] R´x tµ
where φ i is a solution of TISE with energy eigenvalue E i and C i are linear TI coefficients; φ 0 and E 0 refer to the ground state. Thus, as t ∞, R´x tµ φ 0 taking due account of normalization. Equation (5) indicates that at any non-zero finite time, R´x tµ is a linear combination of TISE eigenfunctions φ i with TD coefficients which decay exponentially in real time. The probability density is R 2 while other expectation values can be obtained as R A R R being a minimum-energy (ground or excited) diffusion function and A an operator.
Earlier, the DQMC method of transforming the TDSE into a diffusion equation has been employed to determine the energies of atomic [26] and molecular systems [27] as well as the ground-state energy of a quartic oscillator [28] . However, the calculation of ground and excited states of MWO as well as the calculation of x 2 j values with high accuracy by this approach appears to be new.
The numerical method [23] employed here originated from the TD quantum fluid density functional theory (QFDFT) developed in our laboratory. It has been successfully applied to study ground states of atoms and molecules [29, 30] as well as ground and excited states of AHO, DWO [23] and self-interacting oscillators [24] . The formal solution of eq. (4) is recast into a tridiagonal matrix equation by using a finite-difference method. The matrix equation is then solved to obtain the function R using a modified Thomas algorithm [31] .
The accuracy of the present algorithm has been established by comparing our results for the three-and four-well oscillator for selected values of the parameters ω and a 2i in eq. (2) with the literature values [14, 15] . Our results are in perfect agreement with these values obtained by using analytical or numerical solutions of the TISE. Tables 1 and 2 give the energy eigenvalues, expectation values x 2 j ´j 1 2 6 µ for the ground state and the first three excited states of symmetric three-, four-and five-well oscillators. When ω 2 is large (deep well) and energy levels lie close to the minima of the well, energy eigenvalues show two-fold pseudodegeneracy (note that one-dimensional potentials do not exhibit degeneracy in any energy eigenvalue [18] ). The origin of pseudodegeneracy in multiple-well potentials is not yet clear; in case of double-well potentials, supersymmetric quantum mechanics has been used to find the energy difference between the closely spaced energy levels [21] . The highest order of pseudodegeneracy observed is two-fold. For most of the results reported here, only the ground and the first excited state are pseudodegenerate because as the higher levels approach the barrier, pseudodegeneracy splits up. Figure 1 shows the probability density plots for a three-well potential with two-fold pseudodegeneracy up to the third excited state. The probability density plots for pseudodegenerate eigenstates are nearly identical. Such plots are counter-intuitive. Table 3 reports the effect of adding an asymmetry term´a 3 x 3 µ in the symmetric evenpower potential with pseudodegeneracy in the ground and first excited state. The asymmetry term splits the pseudodegeneracy and the energy difference between the initially pseudodegenerate energy levels increases linearly with increasing coefficient of asymmetry. Furthermore, except the second, the other three energy levels are progressively depressed. The probability density plots for two potentials in table 3 are depicted in figures 2 and 3. For pseudodegenerate ground-and first-excited states, the plots in figure 2 show two equal peaks corresponding to the deeper side wells. The next higher states remain orthogonal to all the lower states while keeping the number of nodes at a minimum in order to reduce energy. It is obvious that symmetric potentials must lead to symmetric probability density plots. Figure 3 shows the effect of asymmetry incorporated in a symmetric three-well potential. Since the asymmetry term acts as a perturbation to split the pseudodegeneracy in a symmetric three-well potential, the wave function for the perturbed potential are linear combinations of the wave functions of the unperturbed potential. This explains the single peaks in the ground-and the first-excited state probability density plots (figure 3). The higher states do not appear in the linear combination due to a large energy difference. Interestingly, the single-peak density corresponding to an energy of 1.94 a.u. (table 3) occurs in figures 2 and 3. Figure 4 shows the probability density plots for a four-well potential with pseudodegeneracy in the ground-and first-excited state. As expected, pseudodegenerate states show nearly identical plots. Figure 5 gives the plots for a four-well potential without any pseudodegenerate eigenstate. These probability density plots are faithful to intuition and have the expected nodal structure. The present results may be helpful for understanding timedependent phenomena where a multiple-well potential energy curve/surface pulsates in time and thereby controls a particular process.
Results and discussion

